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Due to signiﬁcant applications of nonlinear evolution equa-
tions (NLEEs) in real world problems, it is required to produce
their new travelling wave solutions. The investigation of
analytical solutions plays a vital role in the study of nonlinear
wave phenomena. Nonlinear wave phenomena appear in
various ﬁelds of science and engineering, such as, solid state
physics, ﬂuid mechanics, plasma physics, chemical kinematics,chemistry, nonlinear optics, biology and many others [1–32].
In the recent past, a variety of powerful methods have been
introduced by a diverse group of scientists to generate exact
solutions. For example, the Ba¨cklund transformation method
[1], the Weirstrass elliptic function method [2], the Darboux
transformation method [3], the F-expansion method [4,5], the
sine-cosine method [6], the tanh method [7,8], the generalized
Riccati equation method [9,10], the Jacobi elliptic function
expansion method [11], the Exp-function method [12–16] and
others [17–19].
Recently, Wang et al. [20] introduced the (G0/G)-expansion
method to obtain travelling wave solutions. Later on, a diverse
group of scientists solved various nonlinear problems for con-
structing travelling wave solutions and can be found in this
article [21–31] for better understanding.
Very recently, Naher and Abdullah [32] proposed new
approach of (G0/G)-expansion method and new approach of
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travelling wave solutions. In methods, nonlinear ordinary dif-
ferential equation has been applied as auxiliary equation. The
solutions for new approach of (G0/G)-expansion method pre-
sented in the form: uðuÞ ¼PNj¼0ajðG0=GÞj þPNj¼1bjðG0=GÞj.
Furthermore, uðuÞ ¼PNj¼0ajðdþ G0=GÞj þPNj¼1bJðdþ G0=
GÞj is the form of travelling wave solutions for new approach
of generalized (G0/G)-expansion method, where either aN or bN
may be zero, but both aN and bN cannot be zero at a time.
In this article, we would like to implement new approach of
(G0/G)-expansion method and new approach of generalized
(G0/G)-expansion method to construct new travelling wave
solutions. As a result, the celebrated ZKBBM equation has
been investigated to show the power of the methods. More-
over, new families of exact solutions have been obtained
including the solitons, the hyperbolic, the trigonometric and
the rational forms.
2. Description of methods
Let us consider a general nonlinear PDE:
Qðu; ut; ux; utt; uxtuxx; . . .Þ ¼ 0; ð1Þ
where u= u(x, t) is an unknown function, Q is a polynomial in
u(x, t) and its partial derivatives in which the highest order
derivatives and nonlinear terms are involved. The main steps
of the method are as follows.
Step 1.We suppose that the combination of real variables x
and t by a complex variable u
uðx; tÞ ¼ uðuÞ; u ¼ x Pt; ð2Þ
where P is the speed of the travelling wave. Now using Eq. (2),
Eq. (1) is converted into an ordinary differential equation for
u= u(u):
Sðu; u0; u00; u000; . . .Þ ¼ 0; ð3Þ
where the superscripts indicate the ordinary derivatives with
respect to u.
Step 2. According to possibility, Eq. (3) can be integrated
term by term one or more times, yields constant(s) of integra-
tion. The integral constant may be zero, for simplicity.2.1. New approach of (G0/G)-expansion method
Step 3. Suppose that the travelling wave solution of Eq. (3) can
be expressed as follows:
uðuÞ ¼
XN
j¼0
ajðG0=GÞj þ
XN
j¼1
bjðG0=GÞj; ð4Þ
where either aN or bN may be zero, but both aN and bN cannot
be zero at a time, aj(j= 0, 1, 2, . . ., N) and bj(j= 0, 1, 2, . . ., N)
are arbitrary constants to be determined later and
G= G(u) satisﬁes the following nonlinear auxiliary ordin-
ary differential equation (ODE):
AGG00  BGG0  CðG0Þ2  EG2 ¼ 0; ð5Þ
where prime denotes derivative with respect to u, A, B, C and
E are real parameters.Step 4. To determine the positive integer N, taking the
homogeneous balance between the highest order nonlinear
terms and the highest order derivatives appearing in Eq. (3).
Step 5. Substituting Eq. (4) and Eq. (5) into Eq. (3) with the
value of N obtained in Step 4 and we obtain polynomials in
(G0/G)N(N= 0, 1, 2, . . .) and (G0/G)N (N= 1, 2, 3, . . .). Then,
we collect each coefﬁcient of the resulted polynomials to zero,
yields a set of algebraic equations for aj ( j= 0, 1, 2, . . ., N),
bj ( j= 1, 2, . . ., N) and P.
Step 6. Suppose that the value of the constants aj ( j= 0, 1,
2, . . ., N), bj ( j= 1, 2, . . ., N) and P can be found by solving
the algebraic equations which are obtained in step 5. Since
the general solution of Eq. (5) is well known to us, substituting
the values of aj ( j= 0, 1, 2, . . ., N), bj ( j= 1, 2, . . ., N) and P
into Eq. (4), we can obtain more general type and new exact
travelling wave solutions of the nonlinear partial differential
Eq. (1).
2.2. New approach of generalized (G0/G)-expansion method
Step 7. Suppose that the travelling wave solution of Eq. (3) can
be expressed as follows:
uðuÞ ¼
XN
j¼0
ajðdþ G0=GÞj þ
XN
j¼1
bJðdþ G0=GÞj; ð6Þ
where either aN or bN may be zero, but both aN and bN cannot
be zero at a time, aj(j= 0, 1, 2, . . ., N), bj(j= 1, 2, . . ., N) and d
are arbitrary constants to be determined later. Moreover,
G= G(u) satisﬁes auxiliary ODE (5).
Step 8. We determine the positive integer N, according to
step 4,
Step 9. Substituting Eq. (6) and Eq. (5) into Eq. (3) with the
value of N obtained in Step 8 and we obtain polynomials in
(d+ G0/G)N(N= 0, 1, 2, . . .) and (d+ G0/G)N(N= 1, 2, 3,
. . .). Then, we collect each coefﬁcient of the resulted polynomi-
als to zero, yields a set of algebraic equations for aj(j= 0, 1,
2, . . ., N), bj(j= 1, 2, . . ., N), d and P.
Step 10. Suppose that the value of the constants aj(j= 0, 1,
2, . . ., N), bj(j= 1, 2, . . ., N), d and P can be found by solving
the algebraic equations which are obtained in step 9. Since the
general solution of Eq. (5) is well known to us, substituting the
values of aj(j= 0, 1, 2, . . ., N), bj(j= 1, 2, . . ., N), d and P into
Eq. (6), we can obtain more general type and new exact
travelling wave solutions of the nonlinear partial differential
Eq. (1).
Using the general solution of Eq. (5), we have the following
solutions:
Family 1. Hyperbolic function solution: When B „ 0,
W= A  C and X= B2 + 4E(A  C) > 0,
G0
G
 
¼ B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
C1 sinh
ﬃﬃ
X
p
2W u
 
þ C2 cosh
ﬃﬃ
X
p
2W u
 
C1 cosh
ﬃﬃ
X
p
2W u
 
þ C2 sinh
ﬃﬃ
X
p
2W u
  : ð7Þ
Family 2. Trigonometric function solution: When B „ 0,
W= A  C and X= B2 + 4E(A  C) < 0,
G0
G
 
¼ B
2W
þ
ﬃﬃﬃﬃﬃﬃﬃXp
2W
C1 sin
ﬃﬃﬃﬃﬃ
X
p
2W u
 
þ C2 cos
ﬃﬃﬃﬃﬃ
X
p
2W u
 
C1 cos
ﬃﬃﬃﬃﬃXp
2W u
 
þ C2 sin
ﬃﬃﬃﬃﬃXp
2W u
  : ð8Þ
44 H. NaherFamily 3. Rational form solution: When B „ 0, W= A  C
and X= B2 + 4E(A  C) = 0,
G0
G
 
¼ B
2W
þ C2
C1 þ C2u : ð9Þ
Family 4. Hyperbolic function solution: When B= 0,
W= A  C and D= WE> 0,
G0
G
 
¼
ﬃﬃﬃ
D
p
W
C1 sinh
ﬃﬃ
D
p
W u
 
þ C2 cosh
ﬃﬃ
D
p
W u
 
C1 cosh
ﬃﬃ
D
p
W u
 
þ C2 sinh
ﬃﬃ
D
p
W u
  : ð10Þ
Family 5. Trigonometric function solution: B= 0, W= A  C
and D= WE< 0,
G0
G
 
¼
ﬃﬃﬃﬃﬃﬃﬃDp
W
C1 sin
ﬃﬃﬃﬃﬃDp
W u
 
þ C2 cos
ﬃﬃﬃﬃﬃDp
W u
 
C1 cos
ﬃﬃﬃﬃﬃDp
W u
 
þ C2 sin
ﬃﬃﬃﬃﬃDp
W u
  : ð11Þ3. Application of methods
In this section, we apply methods to the celebrated ZKBBM
equation.
Let us consider the celebrated ZKBBM equation
ut þ ux  2auux  buxxt ¼ 0: ð12Þ
Now, we use the wave transformation Eq. (2) u= x+ Pt into
the Eq. (12), which yields:
ð1þ PÞu0  2auu0  bPu000 ¼ 0: ð13Þ
Eq. (13) is integrable, therefore, integrating with respect u
once yields:
Kþ ð1þ PÞu au2  bPu00 ¼ 0; ð14Þ
where K is an integral constant which is to be determined.
3.1. Application of new approach of (G0/G)-expansion method
Taking the homogeneous balance between u2 and u00 in Eq.
(14), we obtain N= 2.
Therefore, the solution of Eq. (14) is of the form:
uðuÞ ¼ a0 þ a1ðG0=GÞ þ a2ðG0=GÞ2 þ b1ðG0=GÞ1 þ b2ðG0=GÞ2;
ð15Þ
where a0, a1, a2, b1 and b2 are arbitrary constants to be
determined.
Substituting Eq. (15) together with Eq. (5) into Eq. (14), the
left-hand side is converted into polynomials in (G0/G)N(N= 0,
1, 2, . . .) and (G0/G)N(N= 1, 2, 3, . . .). We collect each coef-
ﬁcient of these resulted polynomials to zero, yields a set of
simultaneous algebraic equations (for simplicity, which are
not presented) for a0, a1, a2, b1, b2, K and P. Solving these alge-
braic equations with the help of algebraic software Maple, we
obtain following.
Case 1:
a0 ¼ A
2ð1þ PÞ þ bPð8D B2Þ
2aA2
a1 ¼ 6bPBW
aA2
;
a2 ¼ 6bPW
2
aA2
; b1 ¼ 0; b2 ¼ 0;P ¼ P;
K ¼ fbPð4Dþ B
2Þg2  fA2ð1þ PÞg2
4aA4
;
ð16Þwhere W= A  C, D= WE, A, B, C and E are free
parameters.
Case 2:
a0 ¼ A
2ð1þ PÞ þ bPð8D B2Þ
2aA2
; a1 ¼ 0; a2 ¼ 0;
b1 ¼ 6bPBE
aA2
; b2 ¼ 6bPE
2
aA2
;P ¼ P;
K ¼ fbPðB
2 þ 4DÞg2  fA2ð1þ PÞg2
4aA4
;
ð17Þ
where W= A  C, D= WE, A, B, C and E are free
parameters.
For case 1: Substituting Eq. (16) into Eq. (15), along with
Eq. (7) and simplifying, yields following travelling wave
solutions (if C1 = 0 but C2 „ 0; C2 = 0 but C1 „ 0)
respectively:
u11ðx; tÞ ¼ 1þ P
2a
þ bP
aA2
ð4Dþ B2Þ  3
2
Xcoth2
ﬃﬃﬃﬃ
X
p
2W
u
 !( )
;
u12ðx; tÞ ¼ 1þ P
2a
þ bP
aA2
ð4Dþ B2Þ  3
2
Xtanh2
ﬃﬃﬃﬃ
X
p
2W
u
 !( )
;
further, substituting Eq. (16) into Eq. (15), along with Eq. (8)
and simplifying, we obtain following solutions (if C1 = 0 but
C2 „ 0; C2 = 0 but C1 „ 0) respectively:
u13ðx; tÞ ¼ 1þ P
2a
þ bP
aA2
ð4Dþ B2Þ þ 3
2
Xcot2
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 !( )
;
u14ðx; tÞ ¼ 1þ P
2a
þ bP
aA2
ð4Dþ B2Þ þ 3
2
X tan2
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 !( )
;
substituting Eq. (16) into Eq. (15), together with Eq. (9) and
simplifying, our obtained solution becomes:
u15ðx; tÞ ¼ 1þ P
2a
þ bP
aA2
ð4Dþ B2Þ  3
2
2WC2
C1 þ C2u
 2( )
;
substituting Eq. (16) into Eq. (15), along with Eq. (10) and
simplifying, yields following travelling wave solutions (if
C1 = 0 but C2 „ 0; C2 = 0 but C1 „ 0) respectively:
u16ðx; tÞ ¼ 1þ P
2a
þ 2bP
aA2
1
4
8D B2 þ 3 ﬃﬃﬃDp B coth
ﬃﬃﬃ
D
p
W
u
 ! (

ﬃﬃﬃ
D
p
coth2
ﬃﬃﬃ
D
p
W
u
 !!)
;
u17ðx; tÞ ¼ 1þ P
2a
þ 2bP
aA2
1
4
8D B2 þ 3 ﬃﬃﬃDp B tanh
ﬃﬃﬃ
D
p
W
u
 ! (

ﬃﬃﬃ
D
p
tanh2
ﬃﬃﬃ
D
p
W
u
 !!)
;
moreover, substituting Eq. (16) into Eq. (15), together with Eq.
(11) and simplifying, yields following travelling wave solutions
(if C1 = 0 but C2 „ 0; C2 = 0 but C1 „ 0) respectively:
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2a
þ 2bP
aA2
1
4
ð8DB2Þ þ 3
ﬃﬃﬃ
D
p
iB cot
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! (
þ
ﬃﬃﬃ
D
p
cot2
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 !!)
;
u19ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
8DB2  3 ﬃﬃﬃDp iB tan
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! (

ﬃﬃﬃ
D
p
tan2
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 !!)
;
where u= x+ Pt.
Similarly, for case 2: Substituting Eq. (17) into Eq. (15),
along with Eqs. (7)–(11) and simplifying, our travelling wave
solutions become (if C1 = 0 but C2 „ 0; C2 = 0 but C1 „ 0,
for 1st two solutions, again these conditions for u23 and u24,
also same conditions could be applied for solutions u26 and
u27, moreover, mentioned conditions is implemented to solu-
tions u28 and u29) respectively:
u21ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þ 3E B B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
coth
ﬃﬃﬃﬃ
X
p
2W
u
 ! !18<
:
8<
:
þE B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
coth
ﬃﬃﬃﬃ
X
p
2W
u
 ! !29=
;
9=
;;
u22ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
8DB2  3E B B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
tanh
ﬃﬃﬃﬃ
X
p
2W
u
 ! !18<
:
8<
:
þE B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
tanh
ﬃﬃﬃﬃ
X
p
2W
u
 ! !29=
;
9=
;;
u23ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þ 3E B B
2W
þ
ﬃﬃﬃﬃﬃﬃﬃXp
2W
cot
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !18<
:
8<
:
þE B
2W
þ
ﬃﬃﬃﬃﬃﬃﬃXp
2W
cot
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !29=
;
9=
;;
u24ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þ 3E B B
2W
 i
ﬃﬃﬃﬃ
X
p
2W
tan
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !18<
:
8<
:
þE B
2W
 i
ﬃﬃﬃﬃ
X
p
2W
tan
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !29=
;
9=
;;
u25ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
8DB2  3E B B
2W
þ C2
C1þC2u
 1((
þE B
2W
þ C2
C1þC2u
 2))
;
u26ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þ 3
ﬃﬃﬃ
D
p
B tanh
ﬃﬃﬃ
D
p
W
u
 ! (
þ
ﬃﬃﬃ
D
p
tanh2
ﬃﬃﬃ
D
p
W
u
 !!)
;
u27ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þ 3
ﬃﬃﬃ
D
p
Bcoth
ﬃﬃﬃ
D
p
W
u
 ! (
þ
ﬃﬃﬃ
D
p
coth2
ﬃﬃﬃ
D
p
W
u
 !!)
;
u28ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þþ 3
ﬃﬃﬃ
D
p
iB tan
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! (
þ
ﬃﬃﬃ
D
p
tan2
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 !!)
;u29ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
1
4
ð8DB2Þ 3
ﬃﬃﬃ
D
p
iBcot
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! (

ﬃﬃﬃ
D
p
cot2
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 !!)
;
where u= x+ Pt.
3.2. Application of new approach of generalized (G0/G)-
expansion method
Similarly, taking the homogeneous balance between u2 and u00
in Eq. (14), we obtain N= 2.
Therefore, the solution of Eq. (14) is of the form:
uðuÞ ¼ a0 þ a1ðdþ G0=GÞ þ a2ðdþ G0=GÞ2
þ b1ðdþ G0=GÞ1 þ b2ðdþ G0=GÞ2; ð18Þ
where a0, a1, a2, b1, b2 and d are constants to be determined.
Substituting Eq. (18) together with Eq. (5) into Eq. (14), the
left-hand side is converted into polynomials in (d+ G0/
G)N(N= 0, 1, 2, . . .) and (d+ G0/G)N(N= 1, 2, 3, . . .). We
collect each coefﬁcient of these resulted polynomials to zero,
yields a set of simultaneous algebraic equations (for simplicity,
which are not presented) for a0, a1, a2, b1, b2, d, K and P. Solv-
ing these algebraic equations with the help of algebraic soft-
ware Maple, we obtain following.
Case 3:
a0 ¼ A
2ð1þ PÞ þ bPf8D B2  12dWðBþ dWÞg
2aA2
a1 ¼ 6bPWðBþ 2dWÞ
aA2
; a2 ¼ 6bPW
2
aA2
;
b1 ¼ 0; b2 ¼ 0; d ¼ d;P ¼ P;
K ¼ fbPðB
2 þ 4DÞg2  fA2ð1þ PÞg2
4aA4
;
ð19Þ
where W= A  C, D= WE, A, B, C, E and d are free param-
eters for case 3 and case 4.
Case 4:
a0 ¼ A
2ð1þ PÞ þ bPf8D B2  12dWðBþ dWÞg
2aA2
;
K ¼ fbPðB
2 þ 4DÞg2  fA2ð1þ PÞg2
4aA4
;
b1 ¼ 6bPfdðdWð2dWþ 3BÞ  2DÞ þ BðBd EÞg
aA2
;
a1 ¼ 0; a2 ¼ 0;
b2 ¼ 6bPfd
2ðdWðdWþ 2BÞ  2DÞ þ ðBd EÞ2g
aA2
;
d ¼ d;P ¼ P;
ð20Þ
Case 5:
a0 ¼ A
2ð1þ PÞ þ 2bPðB2 þ 4DÞ
2aA2
;
a1 ¼ 0; a2 ¼ 6bPW
2
aA2
; b1 ¼ 0;
b2 ¼ 3bPðB
2 þ 4DÞ2
8aA2W2
; d ¼ B
2W
;P ¼ P;
K ¼ f4bPðB
2 þ 4DÞg2  fA2ð1þ PÞg2
4aA4
;
ð21Þ
46 H. Naherwhere W= A  C, a0, A, B, C and E are free parameters.
For case 3: If we substitute Eq. (19) into Eq. (18), along
with Eqs. (7)–(11) and after simplifying, we may obtain same
solutions [u11tou19] (which solutions are not showed here,
for simplicity).
For case 4: Substituting Eq. (20) into Eq. (18), along with
Eqs. (7)–(11) and simplifying, our travelling wave solutions
become (if C1 = 0 but C2 „ 0; C2 = 0 but C1 „ 0, for 1st two
solutions, again these conditions for u43 and u44, also same
conditions for solutions u46 and u47, moreover, mentioned
conditions used for solutions u48 and u49) respectively:
u41ðx; tÞ ¼ a0 þ b1 dþ B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
coth
ﬃﬃﬃﬃ
X
p
2W
u
 ! !1
þ b2 dþ B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
coth
ﬃﬃﬃﬃ
X
p
2W
u
 ! !2
;
u42ðx; tÞ ¼ a0 þ b1 dþ B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
tanh
ﬃﬃﬃﬃ
X
p
2W
u
 ! !1
þ b2 dþ B
2W
þ
ﬃﬃﬃﬃ
X
p
2W
tanh
ﬃﬃﬃﬃ
X
p
2W
u
 ! !2
;
u43ðx; tÞ ¼ a0 þ b1 dþ B
2W
þ
ﬃﬃﬃﬃﬃﬃﬃXp
2W
cot
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !1
þ b2 dþ B
2W
þ
ﬃﬃﬃﬃﬃﬃﬃXp
2W
cot
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !2
;
u44ðx; tÞ ¼ a0 þ b1 dþ B
2W

ﬃﬃﬃﬃﬃﬃﬃXp
2W
tan
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !1
þ b2 dþ B
2W

ﬃﬃﬃﬃﬃﬃﬃXp
2W
tan
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !2
;
u45ðx; tÞ ¼ a0 þ b1 dþ B
2W
þ C2
C1 þ C2u
 1
þ b2 dþ B
2W
þ C2
C1 þ C2u
 2
;
u46ðx; tÞ ¼ a0 þ b1 dþ
ﬃﬃﬃ
D
p
W
coth
ﬃﬃﬃ
D
p
W
u
 ! !1
þ b2 dþ
ﬃﬃﬃ
D
p
W
coth
ﬃﬃﬃ
D
p
W
u
 ! !2
;
u47ðx; tÞ ¼ a0 þ b1 dþ
ﬃﬃﬃ
D
p
W
tanh
ﬃﬃﬃ
D
p
W
u
 ! !1
þ b2 dþ
ﬃﬃﬃ
D
p
W
tanh
ﬃﬃﬃ
D
p
W
u
 ! !2
;
u48ðx; tÞ ¼ a0 þ b1 dþ i
ﬃﬃﬃ
D
p
W
cot
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! !1
þ b2 dþ i
ﬃﬃﬃ
D
p
W
cot
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! !2
;
u49ðx; tÞ ¼ a0 þ b1 dþi
ﬃﬃﬃ
D
p
W
tan
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! !1
þ b2 dþ i
ﬃﬃﬃ
D
p
W
tan
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! !2
;
where u= x+ Pt.Similarly for case 5: Substituting Eq. (21) into Eq. (18),
along with Eqs. (7)–(11) and simplifying, our travelling wave
solutions become (if C1 = 0 but C2 „ 0; C2 = 0 but C1 „ 0,
for 1st two solutions, again these conditions for u53 and u54,
also same conditions could be applied for solutions u56 and
u57, moreover, mentioned conditions is implemented to solu-
tions u58 and u59) respectively:
u51ðx; tÞ ¼ 1þP
2a
þ bPðB
2 þ 4DÞ
aA2
 1 3
2
coth2
ﬃﬃﬃﬃ
X
p
2W
u
 !
þ tanh2
ﬃﬃﬃﬃ
X
p
2W
u
 ! !( )
;
u52ðx; tÞ ¼ 1þP
2a
þ bPðB
2 þ 4DÞ
aA2
 1 3
2
tanh2
ﬃﬃﬃﬃ
X
p
2W
u
 !
þ coth2
ﬃﬃﬃﬃ
X
p
2W
u
 ! !( )
;
u53ðx; tÞ ¼ 1þP
2a
þ bPX
aA2
 1 3
2
cot2
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 !
þ tan2
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !( )
;
u54ðx; tÞ ¼ 1þP
2a
þ bPX
aA2
 1 3
2
tan2
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 !
þ cot2
ﬃﬃﬃﬃﬃﬃﬃXp
2W
u
 ! !( )
;
u55ðx; tÞ ¼ 1þP
2a
þ bP
aA2
 X 3 WC2
C1 þC2u
 2
þ 1
8
XðC1 þC2uÞ
C2W
 2( )( )
u56ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
 1
4
8DB2 þ 3 ﬃﬃﬃDp B coth
ﬃﬃﬃ
D
p
W
u
 ! (

ﬃﬃﬃ
D
p
coth2
ﬃﬃﬃ
D
p
W
u
 !!)
þ b2 B
2W
þ
ﬃﬃﬃ
D
p
W
coth
ﬃﬃﬃ
D
p
W
u
 ! !2
;
u57ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
 1
4
8DB2 þ 3 ﬃﬃﬃDp B tanh
ﬃﬃﬃ
D
p
W
u
 ! (

ﬃﬃﬃ
D
p
tanh2
ﬃﬃﬃ
D
p
W
u
 !!)
þ b2 B
2W
þ
ﬃﬃﬃ
D
p
W
tanh
ﬃﬃﬃ
D
p
W
u
 ! !2
;
u58ðx; tÞ ¼ 1þP
2a
þ 2bP
aA2
 1
4
8DB2 þ 3 ﬃﬃﬃDp iB cot
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! (
þ
ﬃﬃﬃ
D
p
cot2
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 !!
 3ðB
2 þ 4DÞ2
4 B2  4 ﬃﬃﬃDp iB cot ﬃﬃﬃﬃﬃDpW u þ ﬃﬃﬃDp cot2 ﬃﬃﬃﬃﬃDpW u  n o
9=
;;
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2a
þ 2bP
aA2
 1
4
8DB2  3 ﬃﬃﬃDp iB tan
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 ! (

ﬃﬃﬃ
D
p
tan2
ﬃﬃﬃﬃﬃﬃﬃDp
W
u
 !!
 3ðB
2 þ 4DÞ2
4 B2 þ 4 ﬃﬃﬃDp iB tan ﬃﬃﬃﬃﬃDpW u  ﬃﬃﬃDp tan2 ﬃﬃﬃﬃﬃDpW u  n o
9=
;;
where u= x+ Pt.4. Discussions
The advantages and power of these methods over the
improved (G0/G)-expansion method; and the generalized and
improved (G0/G)-expansion method have been illustrated in
the following.
Advantage: The important advantage of used methods over
the improved (G0/G)-expansion method; and the generalized
and improved (G0/G)-expansion method is that these methods
provide many new travelling wave solutions with many real
parameters including existing solutions. It is noteworthy to
mention out that, the analytical solutions of NLEEs can reveal
the internal mechanism of the nonlinear physical phenomena.
Validity: it is signiﬁcant to point out that the following sim-
ilarities are found with Zhang et al. [25] and Akbar et al. [30]:
(i) if we consider A= 1, B= k, C= 0 and E= l
 the nonlinear auxiliary ODE (5) coincide with linear
existing ODE,
 the hyperbolic function solution Eq. (7) comes out
existing hyperbolic function solution, where
k2  4l> 0,
 the trigonometric function solution Eq. (8) comes out
existing trigonometric function solution, where
k2  4l< 0,
 the rational form solution Eq. (9) turn into already
established rational form solutions, where
k2  4l= 0,(ii) if A= 1, B= k, C= 0, E= l and P= Vour some
newly generated solutions coincide with solutions of
Zhang et al. [25]:
 our solutions u21, u22 match with solution u11 Eq.
(14),
 obtained solutions u23, u24 identical with solution u12
Eq. (15),
 newly constructed solution u25turn out solution u13
Eq. (16),
 obtained solutions u11, u12 come into solution u21
Eq. (17),
 our solutions u13, u14 come into solution u22 Eq. (19),
 new solution u15 coincide with solution u23 Eq. (20).(iii) if A= 1, B= k, C= 0, E= l and P= V new solu-
tions turn into solutions of Akbar et al. [30]:
 our obtained case 3 coincide with case 2,
 new solutions u41, u42 identical with solution u11 Eq.
(3.27), constructed solutions u43, u44 match with solution
u12 Eq. (3.28),
 obtained solution u45coincide with solution u13 Eq.
(3.29),
 newly generated solutions u51, u52 come into solution
u31 Eq. (3.34),
 our solutions u53, u54 turn out solution u32 Eq. (3.35),
 new solution u55 coincide with solution u33 Eq. (3.36).It is interesting and worthy mentioning that, in the nonap-
pearance of above three situations, our all solutions are new.
Furthermore, others solutions are new and have not been
reported in previous literature by choice of any parametric
values.
Moreover, if we compare between two implemented meth-
ods and if we also focus on our newly generated solutions, new
approach of generalized (G0/G)-expansion method is more
effective in providing many new solutions than new approach
of (G0/G)-expansion method.
5. Conclusions
In this article, we investigate nonlinear evolution equation,
namely, the ZKBBM equation via new approach of (G0/G)-
expansion method and new approach of generalized (G0/G)-
expansion method with nonlinear auxiliary equation. The used
methods provide a variety of new travelling wave solutions of
distinct physical structures with some free parameters. The
generated solutions could illustrate several new features of
waves and can be more useful in theoretical and numerical
studies of the considered equation. We have discussed newly
obtained solutions with already existing results in the open lit-
erature, furthermore, comparison between two implemented
methods.
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